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. Abstract. The paper is devoted to a description of quantum group structures in 

' the geometric quantization of a self-interacting string field, which appear under a 

. transition from a tree-level of the theory to the account of loop effects in nonpertur- 

00 ' bative quantum field theory of strings. 
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Theory of strings, which is the most perspective approach to the unification of 
Standard Model and its supergenerahzations with quantum gravity in the unified 
consistent theory of elementary particles and their interactions, exists in two forms: 
as a theory of the first quantized strings (string quantum mechanics) and as a string 
^ ■ field theory (theory of the second quantized strings) [1,2]. One of the advantages 
■ of the first approach besides the technical circumstances is the clarity of a geomet- 
rical description of the particle interactions, whereas its essential deficiencies are, 
first, a difficulty of the consistent account of the nonperturbative effects, second, 
the explicit dependence of the formulation of theory on metric and topology of the 
background. Both difficulties obstruct to use the theory as for the problems of 
quantum gravity as for the unified quantum description of gravity and Yang-Mills 
fields of Standard Model and its supergenerahzations. The second approach com- 
bining string and quantum field ones is free of such disadvantages (and, moreover, 
is of interest for the quantum field theory of vortices in the quantum fiuids), but, 
its comparative difficulty and awkwardness in the concerete computations as well 
as abundance of heterogeneous and unrelated directly concepts made its applica- 
tions very inconvenient. In the author's papers [3] (see also [4]) there was given a 
unified formalism for the string field theory based on the geometric quantization, 
which allowed to connect other known approaches, for example, the Witten's poly- 
nomial (cubic) string field theory of 1986 [5], the Aref'eva-Volovich approach, the 
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central place in which belongs to the nonassociative string algebra [6], the non- 
polynomial string theories of B.Zwicbach and other authors [7]. It was found that 
despite of the all variability and elegence of algebraic structure of the first quantized 
string theory, which includes the Kac-Moody algebras, the Virasoro algebra Cvir, 
the Virasoro-Bott group Vir, the Neretin semigroup Ner, the mantle Mantle (Vir) 
of the Virasoro-Bott group, the conformal category Train(Vir), the train of this 
group, and the conformal modular functor among others (see, for example, [1-3] 
and references wherein) , the algebraic structure of the string field theory is not less 
interesting and substantive, and the independence of the theory itself from met- 
ric and topology of the background makes it not only sometimes simpler than the 
theory of the first quantized strings (the multiloop computations or computations 
on the arbitrary curved background besides the narrow class of known solutions of 
the string Einstein equations are more than labour-consuming), but also permits 
to account such effects as the bifurcation of the background or backgrounds with 
nontrivial topological and analytical structure of the fractal type (with infinitely 
generated fundamental group). Thus, in the second paper from the unfinished se- 
ries [3] there was explicated a quantum group structure of the self-interacting string 
field in general features (that hypothetically may connect the known string field ap- 
proaches with the Vladimirov- Volovich adelic formalism [8] ) . This paper is devoted 
to the more detailed discussion of the connection between string field theory and the 
quantum group theory. The first part contains an analysis of the quantum group 
structures in the geometric quantization of the self- interacting string field, whereas 
the second part will be devoted to the quantum dynamics of the transition processes 
in the string field theory (the so-called "string cosmological evolution"). Generally 
one may said that the quantum group phenomena naturally appear under a transi- 
tion from the tree level of the string field theory to the consistent nonperturbative 
field description of the loop effects. 



1. Infinite dimensional noncommutative 
geometry of a self-interacting string field [3] 

This paragraph contains an exposition of the main concepts of a string field the- 
ory (bosonic one for simplicity, the supercase needs in slight natural modifications) 
in the formalism of geometric quantization applied to a self-interacting string field 
(see [3] and also [4]). 

The main geometric (geometrodynamic) data of string field theory (as for a free 
field as for a self-interacting one) are: 

- The infinite dimensional linear space Q (or the dual Q*) of external degrees of 
freedom of a string. The coordinates x!^ on Q are the Taylor coefficients of functions 
x^^{z) that determine the world-sheet of the string in the complexified target space. 

- The flag manifold of the Virasoro-Bott group M(Vir) [9] of the internal de- 
grees of freedom of the string, which is identified, via the Kirillov construction 
[10], with the class S of univalent functions f{z); the natural coordinates on S 
are coefficients Ck of the Taylor expansion of the univalent function f{z): f{z) = 

Z + CiZ^ + C2Z^ + + . . . + Cn2;"+^ + . . . . 

- The space C of the universal deformation of the complex disk [11], with M(Vir) 
as the base and with fibers isomorphic to -D_|_; the coordinates on C are z, ci, C2, 
C3, ... where are the coordinates on the base and z is the coordinate on 
the fibers. 
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- The space M(Vir) K Q* of both external and internal degrees of freedom of the 
string, or, equivalently, the bundle over M(Vir) associated with p : C ^ M(Vir) 
whose fibers are linear spaces Map(C/M(Vir); C"")* dual to the spaces of mappings 
of fibers of p : C ^ M(Vir) into (here C"^ is a local chart on the background, 
see [3,4]). 

- The space fl^p(Eh^c) of semi-infinite Banks-Peskin differential forms^ which are 
certain geometric objects on M(Vir) k Q* of rather complicated structure [3,4] and 
constructed using the prequantization bundle over M(Vir), here h and c are the 
prequantization data, in particular c is the central charge (in general, it differs from 
the dimension of the background). 

- Q is the natural geometric BRST-operator on 17|p(£^/i c); = if and only if 
c = 26 (with arbitrary dimension of the background). 

- The space 0|p(i?/i^c)* of Siegel string fields with (pseudo)Hermitian metric (-I-). 

- Q* is the Kato-Ogawa BRST-operator in the space of Siegel string fields conjugate 
to Q; it defines a new (pseudo)Hermitian metric ((•!•)) = ('IQ*!') on n|p(i?^^c)*. 

- FG^^c(Af (Vir)) is the Fock-plus-ghost bundle over M (Vir), whose sections are just 
the Banks-Peskin differential forms. 

- The Gauss-Manin string connection \/^^^ on FG/i,c(-^(Vir)); its covariantly con- 
stant sections are the Bowick-Rajeev vacua. 

- D^GM is the covariant differential with respect to the Gauss-Manin string con- 
nection. Its nilpotency on the flat background implies the equality of the central 

charge to the backgroimd's dimension. 

- The space ^^Bp(-^/t,c)Gi gauge-invariant Siegel string fields, which is dual to 
the space of Bowick-rajeev vacua; this space possess a (pseudo)Hermitian metric 
(•|-)o, which is the restriction of the metric (•[•). 

- Qo is the Kato-Ogawa BRST-operator in the space of gauge-invariant Siegel string 
fields (Q* = D^am -\- Qo); the (pseudo)Hermitian metric ((-j-)) is just the restric- 
tion of ((•[•)) to ^^Bp(-^ft,c)Gi- '^^^ existence and nilpotency of the Kato-Ogawa 
BRST-operator on the flat background implies the equality of its dimension to 26. 

Equally with the constructed objects with the flxed values of h we shall consider 
their direct (discrete or continious) sums over all admissible h (in particular, figp-g 
as the space of semi-infinite Banks-Peskin differential forms). 

Note that the spaces of Banks-Peskin differential forms, Siegel string fields, 
gauge-invariant string fields, Bowick-Rajeev vacua are the superspaces and ob- 
jects on them are also superobjects, but we omit the prefix "super" for simplicity. 
Formulas for the Virasoro algebra actions in all these spaces in the fiat or curved 
background and for the BRST-operators are contained in [3,4]. The list of datat 
above completely characterizes the free string field theory, the self-interaction claims 
to introduce additional algebraic structures. The main spaces of the theory (the 
spaces of the Banks-Peskin differential forms and Siegel string fields) does not de- 
pend on the background metric, which determines as geometrodynamic objects of 
the string field theory: (pseudo)Hermitian metrics on the mentioned spaces and 
BRST-operators, as the gauge characteristics - the Gauss-Manin string connection 
and the related covariant differential in the Fock-plus-ghost bundle. Note, however, 
that the metrics and BRST-operators in the spaces of Banks-Peskin differential 
forms and Siegel string fields, which are considered as abstract linear spaces, in- 
distinguishable for various backgrounds (the independence of the second quantized 
string field theory from the background), the metric on the background is restored 
only under the consideration of the spaces as spaces of geometric objects on the 
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space of both external and internal degrees of freedom of a string. It allows to give 
a traditional for the string field theory interpretation of metrics on the background 
and Yang-Mills fields as "low-temperature limits" of fields of closed and open strings 
(though the alternatives are possible, for example, to consider the components of 
Higgs fields for the Yang-Mills fields of Standard Model in the same sector as a 
gravitational one, i.e. in the closed string sector, in view of the presence of the 
subsidiary nonmetric degrees of freedom of cohomology of the Virasoro algebra 
with coefficients in string fields [4,3]). The fiatness conditions for the Gauss-Manin 
connection (or, equivalently, for the nilpotency of the covariant differential) are 
just the string Einstein equations (which transform into ordinary ones in the "low- 
temperature limit"). Therefore, the string Einstein equations may be also defined 
as conditions of the existence and the nilpotency of the Kato-Ogawa BRST-operator 
in the space of gauge-invariant Siegel string fields. 

If the background does not obey the string Einstein equations then the Bowick- 
Rajeev vacua do not exist, there are some ways to construct string field theory in 
such situation, for example, to use the Bowick-Rajeev instantons [3]. The questions 
of (in) dependence of the resulted theories from the background as on the connected 
components of the space of solutions of the string Einstein equations as in whole 
are discussed in the second paper from the series [3] (see also refs wherein). 

To formulate the self-interacting string field theory it is convenient to use the 
formalism of the local conformal field algebras, which is based on the ideas of the 
noncommutative geometry and which is exposed in details in the original papers 
[12] and a review [13] (see also [14]). 

Let us consider as in [3] the space f^BP-eni ~ ^ (*^*, f^lp c) °f enlarged Banks- 
Peskin differential forms (here C* is the universal covering of the complex plane 
punctured at zero) . Let us define also the space of the enlarged Siegel string fields 
^sf eni — ^'(C*, (^^BP;c)*)- Formulas for the action of the Virasoro algebra in the 
spaces f^BP eni ^sf eni Contained in [3]. Let us construct also the enlarged 
BRST-operators Qeni and Ql^i as exterior differentials in the spaces ^^BP-eni 
^sf eni from the BRST-operators Q and Q* . 

Theorem 1 [3] . The space figf .gni admits the structure of a BRST-invariant local 
conformal field algebra that is covariant with respect to the Gauss-Manin connection 
Vgm- 

Thus, the space f^gf eni n^ay be regarded as a noncommutative de Rham complex 
(cf.[15,16]) with respect to the enlarged BRST-operators. This complex is called 
the enlarged string field algebra. Relations of the enlarged string field algebra to the 
Aref 'eva-Volovich nonassociative string field algebra, which is realized in the space 
of Siegel string fields and which is a certain reduction of the associative enlarged 
string field algebra, are described in [3]. 

The elements of the enlarged string field algebra figf eni ^orm a Lie algebra under 
the commutator. This Lie algebra admits a central extension by the imaginary part 
of the (pseudo)Hermitian metric ((•!•))• Consider the connection forms on C* with 
values in (filp c)*' S^^S^ fields on C* valued in Siegel string fields; elements of 
^sf eni realize the infinitesimal gauge transformations of these fields. These gauge 
transformations are closed (so we are in the situation of the Witten's string field 
theory of 1986 [5]), the corresponding Lie algebra is called the Witten string Lie 
algebra and is denoted by ^tuit (the circled arrow O is the code for "string"). The 
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space of VcM-covariant elements of the Lie algebra "ttiit is denoted by "roitvcM 
and is also called the witten string Lie algebra. The Witten string Lie algebra ^toit 
is just the central extension of the commutator algebra of the zero component of 
the enlarged string field algebra, which is described above. 

The are canonical (Lie-Berezin) Poisson brackets on the space ^toxi* (or '^ttiitcM) 
dual to the Witten string Lie algebra '-'tuit (or "^tuitoM), which can be quantized 
as such. 

The Lie-Berezin brackets in the coadjoint representation of the Witten string Lie 
algebra may be reduced to the nonpolynomial brackets in the space of all function- 
als on the Banks-Peskin differential forms (or Bowick-Rajeev vacua), a procedure 
of the Hamiltonian reduction is described in [3] and follows the general scheme 
of reduction of Lie-Berezin brackets (sec, for example, [17]). These nonpolyno- 
mial brackets generate a Lie quasi (pseudo) algebra (quasialgebra in the terminology 
of [18], see also [19], and pseudoalgebra in the terminology of [17]) of infinites- 
imal nonpolynomial gauge transformations. The nonpolynomial transformations 
on the space of Bowick-Rajeev vacua were considered in [7]; they generate a Lie 
quasi (pseudo) algebra, which is denoted by '^jtnievcM and is called the Zwiebach 
string Lie quasi (pseudo) algebra; the related quasi (pseudo) algebra on the space of 
Banks-Peskin differential forms is denoted by ^^tuic and has the same name. Non- 
polynomial brackets are realized in functionals on the space ^^tvie* (or ^^raieyGivi) 
dual to the Lie quasi (pseudo) algebra ^^toit (or ^^toit^GM). The Zwiebach string 
Lie quasi (pseudo) algebra may be obtained from the Aref'eva-Volovich nonassocia- 
tive string field algebra as its "commutator" algebra. More precisely, the higher 
operations of the Sabinin-Mikheev multialgebra [20] constructed from the Zwiebach 
string Lie quasi (pseudo) algebra are just the higher commutators in the Aref'eva- 
Volovich nonassociative string field algebra. 

Thus, the nonpolynomial string field theory [7] in the space of Banks-Peskin 
differential forms (or Bowick-Rajeev vacua) can be obtained from the cubic Witten- 
type string field theory [5] in the enlarged space by use of the Hamiltonian reduction. 
Moreover, the approach of the papers [7] on the nonpolynomial field theory appears 
to be equivalent to the approach of LYa. Aref 'eva and L V. Volovich [6] based on the 
nonassociative string field algebra. 

2. Quantum group structure of a self-interacting string field 

Note that there are two ways to quantize the self-interacting string field. First, 
one may quantize the nonpolynomial Poisson brackets themselves, for instance in 
the formalism of asymptotic quantization [17]. Second, quantum theory may be 
obtained by a quantum reduction of the quantized Lie-Berezin brackets on the 
space '^ttiitvGM; in this case the algebra of quantum observables is identified with 
certain quantum reduction of the universal envelopping algebra W(^rDitvGM) of the 
Witten string Lie algebra. Both variants are of a imdoubtful interest from the 
mathematical point of view and look rather natural. However, below we shall try 
to unravel a very important nuance significantly changing the initial "naive" point 
of view. 

We stress that the objects constructed above describe a self-interacting string 
field theory only on the tree level, i.e. define the so-called "classical string field 
theory" in the terminology of [21]. To describe the string field theory completely 
and consistently in the nonperturbative mode it is necessary to use the following 
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crucial result. 



Theorem 2 [3]. The Witten string Lie algebra ^'mxi^Gm) (or ^Xr^xi) admits the 
structure of a Lie bialgebra. 

Proof of this theorem is based on the auxiliary statement that the enlarged string 
field algebra is a crossing-algebra [3]. 

Thus, there is explicated a quantum group structure of a self-interacting string 
field theory on the quasiclassical level (cf.[22,17]). So on the quantum level [23] the 
algebra of observables is described by the quantum universal envelopping algebra 
Uq{^tt)Xi\^Gm) (or ZYgC^ttiit)), or, precisely, by some its quantum reduction, however, 
the explicit construction of such infinite dimensional Hopf algebra is not known. 
Before to pass to a description of the quantum algebra of observables for the self- 
inteacting string field theory in the concrete cases let us examine the process of 
reduction on the quasiclassical level, otherwords, determine in what the Witten 
string Lie bialgebra is transformed under the reduction of the Lie-Berezin brackets 
constructed from the Witten string Lie algebra to the nonpolynomial Poisson brack- 
ets (remind, that the Witten string Lie algebra itself transforms into the Zwiebach 
string Lie quasi (pseudo) algebra). 

Theorem 3. The Zwiebach string Lie quasi(pseudo) algebra ^^tnicvcM (or ^jttJiej 
admits the structure of the cojacobian quasibialgebra. 

Cojacobian quasibialgebras [24] form a class of Lie protobialgebras dual to the 
jacobian quasibialgebras (Lie quasibialgebras in the terminology of V.G.Drinfeld 
[25]). 

To prove the theorem one should apply a reduction to the double of the witten 
string Lie bialgebra with a translation invariant bracket. 

Remind that the cojacobian quasibialgebras are the infinitesimal objects for the 
Poisson quasigroups [24] (whereas the jacobian quasibialgebras - for quasiPoisson 
Lie groups [25]). Thus, the Zwiebach string Lie quasibialgebra realizes a quasiclas- 
sical version of the nonlinear geometric algebra [26] on the infinitesimal level, whose 
purely quantum version is not known nowadays. A relation between the structure 
of cojacobian quasibialgebra and such object of the nonlinear geometric algebra as 
Sabinin-Mikheev multialgebra was explicated in [24]. A specific character of the 
infinite dimensional situation is in the fact that perhaps none global quasigroup 
corresponds to the mentioned infinitesimal objects. 

Let us pass now from the quasiclassics to the explicit construction of the (en- 
larged) quantum algebra of observables Uq{'^Xoxi^Gm) in the concerete cases (and 
without acoount of ghosts, i.e. in the Fock sector, for simplicity). Consider a 
flat compact background isomorphic to the quotient of the euclidean space by the 
root lattice of the semisimple Lie algebra g. In this case the enlarged string field 
algebra in the space of enlarged gauge-invariant Siegel string fields f^gf-gni (more 
precisely, in its Fock sector ^^gf eni F) ^ local conformal field algebra received 
by a renormalization of the pointwise product of operator fields [3,13,14] (see also 
[27]) from the vertex operator algebra constructed by this lattice [28]. Hence, the 
linear space f^gf-eni F identified with the space W(0+))[[t]] of semi-infinite 

formal power series with coefficients in the universal envelopping algebra of the 
positive (nonnegative) component of the Kac-Moody algebra Qj^. Note that the 
vertex operator algebra is generated by its currents (primary fields of spin 1), the 
components of which from the Kac-Moody algebra §, therefore the enlarged string 
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field algebra is a quotient of the universal envelopping algebra U{q) of the Lie 
algebra g by its ideal J'. Therefore, the Witten string Lie algebra ^roitvcM.^ 
(the symbol F means the Fock sector) is a quotient of the commutator algebra 
W[.^.](g) by the ideal jTj.,.]. The quantum version of the Witten string Lie algebra 
can be obtained in the following way: consider the quantum universal envelopping 
algebra supplied by the g-commutator; in view of an existence of the g- vertex 

construction for this algebra, the ideal J' can be deformed to an ideal Jjq of the 
algebra Uq^Q), which is closed under the g-commutator; the relations between the 
elements of lAqi^jJq defined by g-commutator are just the defining ones in the 
quantum Witten string algebra Uqi^Xoxi-qG^.p). 

Note taht in this important for the string theory class of examples on the in- 
termediate step of the construction of the quantum Witten string algebra realizing 
a quantum version of gauge symmetries of string fields an object (enlarged string 
field algebra), which is natural to be considered from point of view of the 2-loop 
formalism in theories of strings and integrable systems [29], appeared. Moreover, 
it will be too interesting to examine how the modular invar iance of the first quan- 
tized string explicates itself in the quantum group formalism of the nonperturbative 
string field theory. 

Thus, various quantum group structures of the string field theory as on the qua- 
siclassical as on the quantum levels were explored in the paper. General statements 
were formulated, examples were examined, new aspects of the theory of quan- 
tum groups were demonstrated (i.e. relations to the nonlinear geometric algebra, 
namely, the quasiclassical versions of so-called "quantum quasigroups" and "quan- 
tum loops" ) in the context of the second quantization of a string under a transition 
from the tree level to the consistent account of the loop effects in nonperturbative 
string field theory. 
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PE3IOME. ilaHHafl pa5oTa nocBumeHa onHcaHHio KBaHTOBorpynnoBtix CTpyKiyp b 

reoMGTpHi^ecKOM KBaHTOBaHHH caMO^eecTByiomero CTpyHHoro nojiH, BOSHHKaroniHx npn 
nepexoAG c ApesecHoro ypoBHH TeopwH k y^ieiy ncTJieBbix 3(j)(|)eKTOB b HenepTyp6aTHBHoe 
KBaHTOBonoJieBoe tcophh CTpyn. 



TeopHH (cynep)cTpyH, npe^CTasjiaiomaa co5oe naHSojiee coBpcMCHHbie h 
nepcneKTHBHbie no^xo^ k o5ije/i,HHeHHio CTan^apTHoe Mo/iejiH hjih ee cynep- 
oSoSmeHHe c KsaHTOBoe rpaBHTaitHee b e^HHyio nocjie^oBaTejiBHyio TeopHio 
9JieMeHTapHbix ^lacTHii; h hx BsaHMO^^eecTBHe, itymecTByeT b ;i;Byx BJ3.na.x: KaK 
TeopHii nepBH^iHOKBaHTOBaHHbix CTpyH (cTpyHHaii KBaHTOBaii MexaHHKa) h KaK 
CTpyHHaa TeopHH nojia (tcophh BTopHT^HOKBaHTOBaHHbix CTpyn) [1,2]. K t^hc- 

Jiy ^OCTOHHCTB nepBOrO nO/l,XO/I,a HapSlffy C TeXHHMCCKHMH oScTOHTeJIBCTBaMH 

OTHOCHTCH npospa^iHocTL. reoMeTpHi^ecKoro onHcaHHH npoiieccoB BsaHMo^eec- 

TBHil MaCTHI];, B TO BpCMil KaK 66 CyiIi;6CTB6HHBIMH H6AOCTaTKaMH iIBJIiIK)TCiI, BO- 

nepBMx, Tpy;^HOCTb nocjie;^OBaTejibHoro y^eTa nenepTypSaTHBHux 9(|)(|)eKTOB, 

BO-BTOpblX, HBHaa SaBHCHMOCTL. (|)OpMyjIHpOBKH TCOpHH OT MCTpHKH H TOHO- 

jiorHH 59KrpayH/ia. 06e Tpy^HOCTH npenaTCTByiOT HcnoJibsoBaHHio SToe Teo- 
pHH KaK saASi^ KBaHTOBoe rpaBHTaiiHH, TaK h j^jih e^HHoro KBaHTOBoro 
onHcaHHji rpaBHTartHH h nojiee ilHra-MnjiJica CTan^^apTHoe Mo^^bjih h ee cy- 
nepoSoSmeHHe. BTopoe no;i;xo/i; b TeopHH CTpyn, CTpynnaii Teopnii nojiii, 
KOMSHHHpyiomHe CTpyHHBie H KBaHTOBonojieBoe no^xo^L.1, cBoSo^en ot yKa- 
saHHbix He^ocTaTKOB (h, KpoMe Toro, npe^CTaBJiaeT HHTepec /ijih KBaHTOBono- 
jieBoe TeopHH BHxpee b KBaHTOBbix h<;h^kocthx) , o^naKO, ero cpaBHHTejibHaH 
CJiOHCHOCTb H rpoMOS^^KOCTb npH KOHKpeTHLix BM^iHCJieHHiix, a TaK>Ke oSnjine 
pa3Hopo;^HLix H BHemne ne CBiisaHHbix Me»;;iy coSoe KOHiieniiHe ^eJiajiH ero 
npHMeneHHe ^o ne^aBHero BpeMenn 3aTpy^HHTejiL.HL.iM. B paSoTax aBTopa [3] 
(cM.TaKJKe [4]) 5l.iji /lan e^nnbie (|)opMaJiH3M CTpyHHoe Teopnn nojia, ochobl.1- 
BaiomnecH na reoMeTpH^iecKOM KBaHTOBaHHH h nosBOJinBinne cBHsaTt. Me>K^ 
coSoe ApyTue nsBecTHBie no^^xo^ibi, nanpHMep, Sasnpyromyrocii na neKOMMy- 
TaTHBHoe reoMeTpHH noJiHHOMHajibHyio (KySnT^HyK)) CTpynnyK) Teopnio nojiii 
BHTTena 1986 ro^a [5], no^xo^ Ape(j)L.eBoe-BojioBHMa, n;eHTpajiBHoe MecTO b 
KOTopoM saHHMaeT HeaccoiiHaTHBHaa CTpyHnaa ajireSpa [6] , HenojiHHOMHajib- 
HBie CTpyHHbie Teopnn IlBnSaxa h ^pyrnx aBTopoB [7]. IIpH 9tom OKasajiocb, 
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MTO npH Bcee MHororpaHHOCTH h HSiimecTBe ajireSpan^iecKoe CTpyKTypu Teo- 

pHH ncpBHMHOKBaHTOBaHHbix CTpyH, BKJiiQT^aiomee B ceSn ajireSpbi Kau;a-My- 
ffn, ajireSpy BHpacopo Cvir, rpynny BHpacopo-BoTTa Vir, nojiyrpynny He- 
peTHHa Ner, MaHTHio Mantle(Vir) rpynnbi BHpacopo-BoTTa, KOH(|)opMHyio Ka- 
TeropHK) Train(Vir), mjiee({) 9Toe rpynnbi, h KOH(|)opMHbie Mo;^yjiiipHbie (|)yHK- 
Top cpe;i;H npo^Hx (cM.nanpHMep, [1-3] h ccmjikh b hhx), ajireSpan^ecKaH 
CTpyKTypa CTpyHHoe TeopHH nojia He Menee MHTepecna h co^ep>KaTejiL.Ha, a 
HeaaBHCHMOCTL. caMoe xeopHH ot mctphkh h TonoJiorHH 59KrpayH/i,a /leJiaeT ee 
He TOJiBKO HHor^a Sojiee npocToe, ^^eM Teopna nepBHT^HOKBaHTOBaHHbix CTpyn 

(MHOrOneTJIBBLie BLI^HCJieHHil HJIH BLIMHCJieHHil Ha oSmeM HCKpHBJieHHOM 59K- 

rpayn^^e bhb cpaBHHTejibHO ysKoro KJiacca hsbbcthbix pemenHe CTpynnbix ypa- 

BHeHHe BeHniTeena b KOTopoe 5ojiee ^^bm xpy^oeMKH), ho h nosBOJiaiomee 
yT^HTBiBaTL. 9(|)(|)eKTL.i THHa HepecTpocK SsKrpayH/ia hjih 59KrpayH/iL.i c ne- 
TpHBHajiBHoe TonojiorH^ecKoe h anajiHTH^ecKoe CTpyKTypoe ({)paKTajibHoro 
THna (5ecKOHe^Honopo>K;i;eHHoe (|)yH;^aMeHTajibHoe rpynnoe). TaK bo BTopoe 
paSoTe H3 HeoKOH^ieHHoro ruHKJia [3] 5biJia BUiiBJieHa b oSmHx ^lepxax KBan- 
TOBorpynnoBaa CTpyKTypa caMo^eecTByiomero CTpynnoro noJia (^to, npe^- 
nojiojKHTejiBHo, MOJKCT cBasbiBaTB HMeiomHeca CTpyHHonojieBbie no^xo^bi c 

a^eJIBHblM (|)OpMaJIH3MOM Bjia^HMHpOBa-BoJIOBHT^a [8] H C H^eaMH KBaHTO- 

BaHHa npocTpancTBa-BpeMeHH b iiejiOM, CM.nanpHMep, [9:§§33,34]). Bojiee 
;i;eTajibHOMy o5cy>K;i;eHHio CBasH CTpyHHoe TeopHH nojia c Teopnee KBanTOBbix 
rpynn h nocBamena ^annaa paSoxa. B nepBoe ^^acTH o5cy>K^aiOTca KBaHTO- 
BorpynnoBbie CTpyKTypbi b reoMCTpH^ecKOM KBaHTOBaHHH caMo^eecTByiomero 
CTpyHHoro nojia, b to BpeMa KaK BTopaa MacTB 5y^eT nocBamena KBanTOBoe 
^^HHaMHKe nepexo;i;Hbix npori;eccoB b CTpynnoe TeopHH nojia (t.h. "cTpynnoe 
KOCMOJiorn^iecKoe 3bojiioii;hh" ) . B ii;ejiOM, mo>kho CKasaTb, mto KBaHTOBorpyn- 
noBbie aBJienna BOSHHKaiOT ecTecTBeHHbiM oSpasoM npn nepexo^e c ^peBec- 
Horo ypoBHa b CTpynnoe Teopnn nojia k nocjie^oBaTejiBHOMy nenepTypSaTHB- 
HOMy nojieBOMy onncaHHio neTJieBux 3(|)(|)eKTOB. 



1. BeCKOHe^HOMepHOH HeKOMMyTaTHBHeUI 

reoMCTpHji caMo^eecTByiorn;ero CTpyHHoro noJiH [3] 

B ;i;aHHOM naparpa(|)e KpaTKO HSJiaraiOTca ocHOBHue nonaTna CTpynnoe 
TeopHH nojia (;i;jia npocTOTu Sosonnoe, cynepcjiyMae TpeSyeT HesHa^HTejib- 
HMx ecTecTBeHHMx MOAH(|)HKaii;He) B (|)opMajiH3Me reoMeTpHMecKoro KBanTOBa- 
HHa npHMeHHTejiBHO K caMo;i;eecTByioin;eMy CTpynnoMy nojiio (cm. [3], a TaioKC 
[4]). 

OcHOBHbiMH reoMCTpHMecKHMH (reoMeTpo^HHaMHMecKHMH) ^aHHbiMH CTpyH- 
Hoe TeopHH nojia (KaK ^^Jia cboSo^^hofo nojia, TaK h ;^jia caMo;];eecTByK)n];ero) 
aBJiaK)Tca: 

- BecKOHei^HOMepHoe JiHHeenoe npocTpancTBO Q (hjih eMy ^BoecTBeHHoe Q*) 
BHeniHHx CTenenee cbo5o/i,L)I CTpyHBi. Koop/tHHaTbi na Q cyxb xeejiopoBC- 
KHe K03(|)(|)Hn;HeHTbi (|)yHKii,He x'^{z), onpe^ejiaiomnx MHpoBoe jihct CTpynbi b 
KOMnjieKCH(|)Hii;HpoBaHHOM npocTpancTBC. 

— MnorooSpasHe (|)JiaroB rpynnu Bnpacopo-BoTTa M(Vir) [10] BnyTpennHx 

CTenenee cboSo^bi CTpyHBi, OTOsc^ecTBJiaeMoe nocpe^CTBOM KOHCTpyKiiHH Kh- 
pHJiJioBa [11] c KJiaccoM S o^hojihcthbix ({)yHKn;He f{z); ecTecTBCHKbie Koop- 
;^HHaTBi Ha 5 - K09(|)(|)HH;HeHTbi Cfe TcejiopoBCKoro pa3JiomeHHa o^nojincTHoe 
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(|)yHK^HH f{z): f{z) = Z-\- CiZ^ + C2Z^ + C32;^ + . . . + Cn2;'^+^ + 

- HpocTpaHCTBO C yHHBepcajibHoe ^e{|)opMan;HH KOMnjicKCHoro ^HCKa [12] c 
Af (Vir) B KaMecTBe SasBi h cjiohmh, h30mop(|)hL)Imh e/iHHHMHOMy KOMnjicKCHOMy 
^HCKy D^; Koop^HHaTBi Ha C cyTt. z, ci, C2, C3, ... Cn, r^e Ck - Koop^HHaTBi 
Ha Sase n z - KOop;];HHaTa b cjioiix (npocTpancTBO yHHsepcajibHoe ;i;e(|)opMa- 
ri;HH KaK paccjioenHe ^onycKaex ecTecTBeHHyio TpHBHajiHsaiiHio) . 

- HpocTpaHCTBo M(Vir) k Q* KaK BHeniHHx, TaK h BHyTpeHHHx CTenenee cbo5o- 

CTpyHL.1, HJiH, T^TO sKBHBajieHTHO, paccjioeHHe najj, M(Vir), accou,HHpoBaH- 
Hoe c p : C ^ M(Vir), t^l.h cjioh - jiHHeeHbie npocTpancTBa Map(C/M(Vir); C"^)*, 
;i;BoecTBeHHLie k npocTpancTBaM OToSpanceHHe cjioeB paccjioenHH p : C 1— > 
M(Vir) B C" (s^jecL. C"" - jioKajiBHaa Kapia na SsKrpayn^^e, cm. [3,4]). 

- IIpocTpaHCTBo 0|p(i?/j c) nojiydecKOHeuHux du^^epenVjUajibHux cfjopM EauKca- 
UecKUHa, 9TH (|)opML.i cyTL. HCKOTopBie /i;H({)({)epeHii;HajiL.HL.ie oStjCktl.! na M(Vir)ix 
Q* ^oBOJiBHo cjio>KHoe CTpyKTypbi [3,4], cBHsaHHbie c paccjioeHHeM npe^KBan- 
TOBaHHii Ha M(Vir), r^e hue — ^^annbie npe^^KBaHTOBaHHii, b MacTHOCTH c — 
ixeHTpajibHBie 3apii;i; (BOoSme roBopii, OTJiH^iHLie ot pasMepnocTH SsKrpayH- 

- Q ecTecTBeHHBie reoMCTpHMecKHe BPCT-onepaTop na 0,jyp{Eh,c)', = 0, 
ecjiH H TOJiBKO ecjiH c — 26 (npH 3tom pasMepHocTb 59KrpayH^a npoHSBOJiB- 
na). 

- IIpocTpaHCTBO f2|p(£?;i c)* cmpyHHbix noAee 3mejm c (nceB;i;o)3pMHTOBoe 
MexpHKoe ("I-). 

- Q* - EPCT-onepamop Kamo-Ozaeu b npocTpancTBe CTpyHHbix nojiee 3h- 
rejiH, conpjimeHHbie Q; oh onpe^ejiaeT noByio (nceB^o)9pMHTOBy MeipHKy 
{{.[)) = {.\Q*\.) Ha ^^MEkcY. 

- FG;i,c(-^(Vir)) - ^oKoecKO-zocmoeoe paccAoenue na^ M(Vir), mbh ce^enHii - 
nojiySecKOHe^Hbie ^H4)4>epeHii;HajiBHbie 4>opMbi B9HKca-necKHHa. 

- CmpyHHOfT cefrmocmh Faycca-MaHUHa V*^^ b paccjioeHHH FG h,c{M (Vir)), 
KOBapHaHTHO nocTOiiHHbie ceMeHHH (|)OKOBCKO-rocTOBoro paccjioeHHH cyTb ea- 
KyyjHU BoeuKa-Padofcuea. 

- KoBapnaHTHBie ;;H(|)(|)epeHii;Haji D^gm - KOBapnaHTHbie ;^H(|)(|)epeHii;Haji no 

OTHomeHHio K CBHSHOCTH raycca-MaHHHa. Ha hjiockom SsKrpayn^e ero hhjil.- 
noTeHTHocTb BJie^eT paBencTBo pasMepnocTH 59KrpayH^a h u;eHTpajibHoro 
sapa^a. 

- HpocTpaHCTBO f2gp(£^/j c)gI KaJIHSpOBO^HO-HHBapnaHTHblX CTpyHHMX HOJiee 

Snrejiii, ^BoecTBCHHoe k npocTpancTBy BaKyyMOB BoBHKa-Pa^ijKHBa; 3to npo- 
CTpancTBO Ha;;ejiiieTCii (nceB;i;o)9pMHTOBoe MCTpHKoe (•|-)o5 pe;^yKii;Hee MCTpn- 

KH (-I-). 

- Qq - BPCT-onepaTop KaTO-OraBu b npocTpancTBC KajiH6poBO^HO-HHBa- 
pnaHTHbix CTpyHHbix nojiee Snrejiii (Q* = D^am + Qq)\ (nceB;i;o)3pMHTOBa 
MCTpHKa ((■!■)) ^ pe^KitHii ((•!•)) Ha ngp(£';i^c)Gi- CyntecTBOBaHHe h hhjib- 
noxeHTHocTL. BPCT-onepaTopa KaTO-OraBbi na hjiockom 53KrpayH;i;e BJie^CT 
paBeHCTBO ero pasMepnocTH MHCJiy 26. 

Hapa^ c HocTpoeHHbiMH oSi^eKTaMH npn (|)HKCHpoBaHHbix sna^enHiix h 6y- 
;^eM paccMaTpHBaTb hx npiiMbie (;i;HCKpeTHbie hjih nenpepbiBHbie) cyMMbi no 
BCCM ;i;onycTHMbiM h (b ^acTOCTH, filp c ~ npocTpancTBO nojiySecKone^nbix 
(|)opM BaHKca-HecKHHa). 

Otmcthm, mto npocTpancTBa ^H(|)(|)epeHEi;HajibHbix (|)opM BaHKca-HecKHna, 
CTpynnbix nojiee SHrejiJi, KajiHSpoBOMHO-HHBapHanTHbix CTpynnbix nojiee. Ba- 
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KyyMOB BoBHKa— PaA>KHBa jiBJijiiOTCii cynepnpocTpaHCTBaMH, h oSteKTu na 

HHx TaK>KC aBJiaiOTCH cyncpoSijeKTaMH, ho mm ^jih KpaxKOCTH onycKaeM npH- 
CTaBKy "cynep" . <5opMyjiL)i a^jih ^jccctbhh ajirc6pL.i BHpacopo bo Bcex yKa- 
saHHbix npocTpaHCTBax KaK b hjiockom, TaK h b hckphejighhom SaKrpayn^e, 
a TaioKe BPCT-onepaTopoB co;i;ep>KaTCii b [3,4]. IIpHBe^^eHHBie chhcok 
;i;aHHBix nojiHOCTbK) xapaKTepHsyeT CBo5o/i;Hyio CTpyHnyio TeopHio nojiii, ca- 
Mo^eecTBHe xpeSyex BBe^eHHa ^onojiHHTejiL.HL.ix ajireSpaHT^ecKHx CTpyKTyp. 
OcHOBHBie npocTpancTBa TeopHH (npocTpancTBa ;];H({)({)epeHii,HajiL.HL.ix {{)opM 
BaHKca-IIecKHHa h CTpyHHbix nojiee SHrejia) He saBHCHT ot mbtphkh 59Krpa- 
ysA^, KOTopaii onpe;;ejiiieT KaK reoMeTpo;i;HHaMH^iecKHe oSteKTLi CTpynHoe 
TeopHH nojiii: (nceB/i;o)3pMHTOBBi mbtphkh na yKasanHux npocTpancTBax h 
BPCT-onepaTopbi, TaK h KajinSpoBOMnbie xapaKTepHCTHKH - CTpynnyio cbhs- 
HOCTL) Faycca— MaHHHa h cooTBCTCTByiomHe KOBapnaHTHBie /i,H(|)(|)epeHLi,Haji b 

(|)OKOBCKO-rOCTOBOM paCCJIOeHHH. OtMCTHM, OffHaKO, HTO MCTpHKH H BPCT- 

onepaTopLi b npocTpancTBax ;i;H(|)(|)epeHri;HajibHLix (|)opM BanKca-IIecKHHa h 
CTpyHHbix nojiee Snrejiii, paccMaTpHBaeMux KaK aScTpaKTHLie jiHHeenbie npo- 

CTpaHCTBa, HepasjiHT^HMBi ^Jia pasjiH^^HMx SsKrpayH^oB (HeaaBHCHMocTL. Teo- 
pHH BTopHMHOKBaHTOBaHHBix cBoSo^Hbix CTpyH OT SsKrpayH^a) , MeTpHKa Ha 
59KrpayH^e BoccTanaBJiKBaeTCJi npn paccMOTpenHH yKasannbix npocTpancTB 
KaK npocTpancTB reoMeTpHMecKHx oSteKTOB na npocTpancTBe BHeniHHx h Bny- 
TpeHHHx CTenenee cbo5oai>i CTpyHBi. Bto nosBOJiiieT ;i;aTb Tpa/i;Hii;HOHHyio 
^jia CTpyHHoe Teopnn nojia HHTepnpeTaiiHio MeTpHK na SaKrpayn^e h noJiee 
Hnra-MnjiJica KaK "HHSKOTCMnepaTypHBix npe^ejioB" nojiee saMKHyTBix h ot- 

KpMTBIX CTpyH (xOTH BOSMOHiHBI aJIBTepHaTHBBI, HanpHMcp, paccMaTpHBaTB 

KOMnoneHTBi xHrrcoBCKHx nojiee ^^Jiii nojiee ilnra-MnjiJica CTan^^apTHoe Mo- 
;i;ejiH B TOM yne ceKTope, mto h rpaBHTan;HOHHoe, T.e. b ceKTope saMKHy- 
TBix CTpyH, B cHJiy cymecTBOBaHHH ^onojiHHTejiBHbix HeMeTpn^^ecKHx CTenenee 
CBo5o/i,L.i KoroMOJiorne ajireSpBi Bnpacopo c K09(j)(|)Hn;HeHTaMH b CTpyHHBix 
nojijix [4,3]). ycjiOBHii njiocKOCTH cbjishocth Faycca— MaHHHa (hjih, ^ito to 
>Ke caMoe, HHJiBnoTenTHOCTH KOBapnaHTHoro ;^H(|)(|)epeHH;Hajia) cyTB cmpyHuue 
ypaeneHUfr deummeena (nepexoAHmne b oSnranBie b "HHSKOTCMnepaTypHOM 
npe/iejie"). KaK cjic^ctbhc, CTpynnbie ypaBHCHHa 9eHmTeeHa mo>kho onpe- 
^ejiHTB H KaK ycjioBHH cyni;ecTBOBaHHH h HHJiBnoTeHTHocTH BPCT-onepaTopa 
KaTO— OraBBi b npocTpancTBe KajiH6poBO^HO-HHBapHaHTHBix CTpyHHBix nojiee 
Snrejiii. 

EcjiH SsKrpayH^^ ne y^^OBJiCTBopiieT CTpyHHBiM ypaBHCHHiiM BeHniTeena, to 
BaKyyMBi BoBHKa— Pa;];3K;HBa ne cyni;ecTByK)T, b 9Toe CHTyaniHH cctb pa^ peH;en- 

TOB HOCTpoeHHH CTpyHHOC TeopHH HOJIH, HanpHMCp, HCHOJIBBOBaHHe HHCTaHTO- 

HOB BoBHKa-Pa^JKiHBa [3]. BonpocBi saBHCHMocTH (nesaBHCHMocTH) HOJiy^a- 
K)n];Hxcii Tcopne ot SaKrpayn/ia KaK na cbjishbix KOMnoncHTax npocTpancTBa 
pemcHHe CTpyHHBix ypaBHenne BeHniTeena, TaK h b ri;ejiOM, o5cy>K;i;aiOTCii bo 
BTopoe H3 paSoT [3] (h ccbijikh b nee). 

Hjir (|)opMyjiHpoBKH TCopHH caMo;];eecTByioin;ero CTpynnoro nojiii y;i;o5HO 

HCHOJIBSOBaTB OHHpaiOmHeCa Ha H^CH HCKOMMyTaTHBHOe reOMCTpHH {|)opMa- 
JIH3M JIOKaJIBHBIX KOH(|)OpMHBIX HOJICBBIX aJITcSp, HO/tpoSnO H3JIO>KeHHbie B OpH- 

THHajiBHBix pa6oTax [13] h o63ope [14] (cM.TaKa<;e [15]). 

PaccMOTHpHM, cjie^a [3], npocTpancTBo f^BP eni ~ ^ (*^*7^bp;c) pacmn- 
PCHHBIX ^H(|)(|)epeHI];HaJIBHBIX (|)OpM B9HKca— IlecKHHa (3^ecB C* - yHHBcpcajiB- 
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Hoe HaKpbiTHe npoKOJiOToe b nyjie KOMnjieKCHoe hjiockocth) . Onpe;i;ejiHM tok- 
>Ke npocTpancTBO pacrnHpenHbix CTpyHHux nojiee Snrejiii f2gf.gj^i = (C*, (^^Ip c)*)- 
$opMyjiL.i ^JiH ^eecTBHH ajireSpBi BHpacopo b npocTpancTBax f^BP eni ^ ^sf eni 
co/iepj^aTCH B [3]. IIocTpoHM TaK3*ce pacniHpeHHfcie BPCT-onepaTopbi Qeni h 
Ql^i KaK BHemHHe /iH(j[)(j[)epeHLi,HajiBi b npocTpancTBax f^BP eni ^ ^sf eni hcxo^h 
H3 BPCT-onepaTopoB Q n Q* . 

TeopeMa 1 [3]. IIpocmpaHcmeo rigf-gni donycKaem cmpyKuiypy EPCT-uneapu- 
aHmnoe AonaAbHoe KOH^opMHoe noAeeoe aAze6pu, KoeapuaHmnoe no omnome- 
HU10 K cmpynnoe cesrmocmu Faycca-Manuna Vqm- 

TaKHM oSpaSOM, npOCTpanCTBO f^gf.enl MO>KeT paCCMaTpHBaTbCfl KaK HeKOM- 

MyTaTHBHbie KOMnjieKC ;i;e PaMa (cp.[16,17]) no OTHomenHio k pacniHpeHHbiM 
BPCT-onepaTopaM. Btot KOMnjieKC nasbiBaeTCii pacmupennoe cmpyuHoe no- 
Aeeoe aAzedpoe. Cbhsb pacmnpeHHoe CTpynHoe nojieBoe ajireSpbi c Heaccov,u- 
amuenoe cmpyHHoe noAeeoe ajize6poe Ape^beeoe-Bojioeuua, peajiHsyiomeeca b 
npocTpaHCTBe CTpyHHbix nojiee Snrejia h npe;i,CTaBJiHioiri;ee co5oe neKOTopyio 
CHHMaiomyio pacniHpeHHe pe;i;yKri;Hio accoiiHaTHBHoe pacmnpeHHoe CTpynnoe 
nojieBoe ajireSpM, onHcana b [3]. 

9jicmchtbi pacmnpeHHoe CTpynnoe nojieBoe ajireSpti 0^^.^^^^ oSpasyiOT aji- 
reSpy JIh OTHOCHTejiBHO KOMMyTaTopa. 9Ta ajireSpa JIh ^onycKaeT n;eHT- 
pajiBHOc pacniHpeHHe npH noMoin,H MHHMoe Macra (nceB^o)9pMHTOBoe mct- 

pHKH ((■!■))• PaCCMOTpHM (|)OpMBI CBilSHOCTH Ha C* CO SHa^eHHilMH B (f^BF c)*' 

T.e. KajinSpoBO^HBie nojiii na C* co sna^eHHiiMH b CTpynHMx nojiiix Snrejiii; 
gjieMeHTM figf.gni peajiHsyiOT HH(|)HHHTe3HMajiBHLie KajinSpoBOMHBie npeoSpa- 
soBaHHii 3THX HOJiee. Bth KajinSpoBO^HBie npeoSpasoBanHii saMKHyTti (h 
TeM caMbiM MBi OKasBiBaeMCH B cHTyaiiHH CTpyHHoe TeopHH nojiH BHTTena 
1986 ro^a [5]), cooTBeTCTByiomaa ajireSpa JIh nasbiBaeTCH eummeHoecKoe 
cmpyHHoe aAzedpoe JIu h o6o3Ha^aeTCii "^ttiit (KpyroBaa CTpejiKa O iiBJiiieT- 

Cil CHMBOJIOM CTpyHBl). IIpOCTpaHCTBO VgM— KOBapHaHTHBIX BJieMeHTOB aJI- 

reSpM JIh '-'ttiit o5o3HaMaeTCii "^ttiitvcM h TaioKe nasbiBaeTCH BHTTenoBCKoe 
CTpyHHoe ajireSpoc JIh. BHTxeHOBCKaa CTpyHHaa ajireSpa JIh ^ttiit ecTB b 
To^iHocTH ijeHTpajibHoe pacniHpeHHe KOMMyTaTopHoe ajireSpbi nyjicBoe kom- 
noneHTM pacmnpennoe CTpynnoe nojienoe ajireSpBi, onncannoe Bmnie. 

Ha npocTpancTBC '-^tnit* (hjih "^tnitQ^), ;;BoecTBennoM k BHTTcnoncKoe CTpyn- 
noe ajireSpe JIh '^tnit (hjih "^tnitcM) 3a;i;anbi KanonH^ecKne ckoSkh Ilyaccona 
— ckoSkh Jln-BepesHHa, KOTopbie KBanxyiOTCH KaK xaKOBbie. 

CkoSkh Jln-BepesHHa b KonpHcoe^HHeHHOM npe^cxaBJienHH BHTxenoBCKoe 
cxpynnoe aJireSpti JIh Moryx 5bixb pe^yitHpoBanbi ^o nenoJiHHOMHaJiBnBix 
CKoSoK B npocxpancTBC (|)ynKn;HonajiOB na ;i;H(|)(|)epenn;HajibnLix (|)opMax Ban- 
Kca— IlecKHna (hjih naKyyiviax BoBHKa-Pa^»;HBa), npon;e;i;ypa raMnjibxcHOBoe 
pe^yKiiHH onHcana b [3] h cjie^yex oSniee cxeMe pe^yKijHH cko5ok Jln-Bepe- 
3HHa (cM.HanpHMep, [18]). 9xh HenojiHHOMHajiL.HL.ie ckoSkh nopojK^iaiox KBa- 
3H(nceB^o)ajire5py JIh (KBasnajireSpy b xepMHHOJiorHH [19], cM.xaKHKe [20], h 
ncen^^oajireSpy b xepMnnojiornH [18]) Hn(|)HnHTe3HMajibnbix nenojinnoMnajib- 
nnix KajiHSpoBO^nux npeoSpasoBanne. Bxh HenojiHnoMHajiBHLie npeoSpaso- 
BanHH Ha npocxpancxne BaKyyMOB BoBHKa-Pa.z];}KHBa Sbijih paccMOxpenbi b 
[7]; OHH oSpasyiox KBa3H(nceB^o)ajire5py JIh, oSosHa^aeMyio ^3rDiCvGM h 
na3BiBaeMyio n;BH5axoBCKoe cxpynnoe KBa3H(nceB^o)ajire6poe JIh; cooxbcx- 
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CTByHDmaii KBa3H(nceB;^o)ajire5pa JIh na npocTpancTBe ;i;H(|)(|)epeHri;HajibHbix 

{|)opM BsHKca-riecKHHa o5o3HaMaeTCH ^^tvie h hmcct to >Ke HasBaHHC. He- 
nojiHHOMHajibHbic ckoSkh riyaccoHa peajiH3yiOTCfl b (|)yHKLi,HOHajiax na npo- 
CTpaHCTBe ^3rDte* (hjih ^^roieycM), ^BoecTBeHHOM k KBa3H(nceB^o)ajire5pe 
JIh "^^ttiie (hjih ^^Wh^gm). IlBHSaxoBCKaH CTpynnaii KBa3H(nceB;i;o)ajire5pa 
JIh MO>KeT Slitb nojiy^ena h3 HeaccoitHaTHBHoe CTpynnoe nojiCBoe ajireSpbi 
Ape{|)L.eBoe-BojioBHT^a KaK ee "KOMMyTaTopHaa" ajireSpa. Bojiee tqt^ho, bbic- 
niHe onepai],HH b MyjiBTHaJireSpe CaSHHHHa-MnxeeBa [21], nocTpoeHHoe no 
itBHSaxoBCKoe CTpyHHoe KBa3H(nceB^o)ajire5pe JIh, cyTt. b to^hocth BBicmne 
KOMMyTaTopM B HeaccoiiiHaTHBHoe CTpyHHoe nojieBoe ajireSpe Ape({)L.eBoe— 
BojioBHMa. 

TaKHM o5pa30M, HenojiHHOMHajibHaii CTpyHnaji TeopHji nojiji [7] b npocT- 
pancTBe ^H(j)(|)epeHn;HajiL.HL.ix ({)opM B9HKca-necKHHa (hjih BaKyyMOB BoBHKa- 
Pa^>i<HBa) Mo»ceT Sbitl. nojiyMeHa h3 KySnMHoe CTpyHHoe TeopHH BHTTenoB- 
CKoro THna [5] b pacniHpeHHOM npocTpancTBe npn noMomH raMHJiBTOHOBoe 
pe;i;yKii;HH. Ilpn 9tom uoffx.OA paSoT [7] no nenojiHHOMHajiBHoe TeopHH nojiii 
OKa3L.iBaeTCH 9KBHBaj[eHTHL.iM Ho^xo^y H.il. Ape{|)L.eBoe h H.B.BoiroBH^ia [6], 
ocHOBbiBaiomeMycji na HeaccoitnaTHBHoe CTpynnoe nojieBoe ajireSpe. 

2. KBaHTOBorpynnoBaH cxpyKxypa caMO/i;eecTByioii];ero cxpyHHoro nojiH 

SaMCTHM, HTO KBaHTOBaHHe caMO/i;eecTByioiLi,ero CTpyHHoro nojia MO>KeT oc- 
yiLi,ecTBJiHTL.cH ffBOKKUM o5pa30M. Bo-HepBbix, Mo>KHO KBaHTOBaTL. caMH Heno- 
jiHHOMHajLHLie ckoSkh IlyaccoHa, nanpHMep, b (|)opMajiH3Me acHMHTOTH^ecKO- 
ro KBaHTOBaHHii [18]. Bo-BTopbix, KBaHTOBaii TeopHH Mo>KeT Sbitb nojiy^ena 
npn noMoniH KBaHTOBoe pe^yKiiHH KBaHTOBaHHbix cko5ok JlH-Bepe3HHa na 
npocTpancTBe ^roityGM; npn 9tom aJireSpa KBaHTOBbix Ha5jrio^aeML.ix OTom- 
^ecTBJiHeTCH c HeKOTopoe KBaHTOBoe pe^yKitnee yKHBepcajibHoe oSepTBmaio- 
mee ajireSpbi ZYC^ttJitvoM) BHTTenoBCKoe CTpynnoe ajireSpbi JIh. 05a Bapn- 
aHTa npe;];cTaBJiiiiOT necoMHeHHye HHTepec c MaTeMaTH^iecKoe to^kh spennii h 
BBirjia^HT ^ocTaTO^Ho ecTecTBeHHBiMH. O^HaKo, HH>Ke MBi nocTapaeMca bbi- 
hbhtb o^hh HeMajioBajKHBie Hioanc, 3HaMHTej[bHo H3MeHjiioiii;He nepBonaMajib- 
HBie "naHBHtie" bstjiha, na npe^MBT. 

OTMeTHM, ^iTO o6i.eKTBi, nocTpoeHHue BMine, onncMBaiOT caMo;];eecTByio- 
myio CTpyHHyio Teopnio nojiii tojibko na ;];peBecHOM ypoBne, T.e. 3a^aiOT t.h. 
"KJiaccHT^ecKyio CTpyHHyio Teopnio nojia" b TepMHHOirorHH [22]. Hjih tofo 
mto5l.i OHHcaTL. CTpyHHyio TeopHio noJiH hojihoctbio h nocJie^OBaTCJiBHO hc- 
nepTypSaTHBHo, hcoSxo^hmo Hcnoj[b30BaTb cjie^yiomHe kjhomcboc pc3yjibTaT. 

TeopeMa 2 [3]. BummeHoecKafr cmpyuHOST aAzeBpa JIu ^ttiitvcM j (uau ^ttiitj 
donycKaem cmpyKuiypy 6uaAze6pu JIu. 

iIoKa3aTej[BCTBo 3Toe TeopeMbi onnpaeTca na npoMOKyTO^Hoe yTBep>K^e- 
hhc o TOM, MTO pacinHpcHHaH CTpyHHaa nojieBaa ajireSpa aBJiaeTCJi Kpoccnnr- 
ajireSpoe [3]. 

HTaK, na KBa3HKJiaccH^iecKOM ypoBne (cp.[23,18]) BbiHBJiena KBanTOBorpyn- 
noBaH CTpyKTypa caMo;i;eecTByioiii;ee CTpynnoe Tcopnn nojiii. TaKHM o5pa- 

30M, na KBanTOBOM ypoBne [24] aJireSpa naSjiio^aenbix onncbiBaeTca KBan- 
TOBoe ynnnepcajibnoe oSepTbinaiomee ajireSpoe Uq{^Vo\iyGm) (hjih Wq(^rDit)), 
HUH, TOMnee, ee ncKOTopoe KnanTonoe pe^Kiinee, o;^naKO, annaji KoncTpyKitna 
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3Toe SecKOHe^HOMepHoe aureSpbi Xon(|)a HeHssecTHa. npe>K;i;e, mbm nepeeTH 

K onHcaHHK) KBaHTOBOC ajircSpbi naSjiio^aeMbix caMo^eecTByiomce cxpyHHoe 
TeopHH nojifl B KOHKpeTHBix cjiyMaflx, paaSepeM npoi],ecc pe/];yKLi,HH na KBa- 
SHKJiaccHMecKOM ypoBHe, khmmh cjioBaMH, BbiacHHM, BO MTO npeoSpasyeTCH 
BHTTenoBCKaH CTpyHHaii SnajireSpa JIh npn pe^iyKipiH ckoSok JIh— Bepesnna, 
OTBeMaiomHx BHTTenoBCKoe CTpynnoe ajireSpe JIh, jip HenojiHHOMHajiL.HL.ix 
CKo5oK riyaccoHa (nanoMnHM, mto caMa BHTTenoBCKaa CTpynnaa ajireSpa JIh 
nepexo^HT b Li,BH5axoBCKyio CTpynnyio KBa3H(nceB/i,o)ajirp5y JIh). 

TeopeMa 3. UeuGaxoecKcm cmpyHHOfr Kea3u(nceedo)aAze6pa JIu'^IVOXZ^gm. (ujiu 
^iXoxt) o6jiadaem cmpyKuiypoe KotrKodueeoe Kea3u6uaAze6pu. 

KoaKoSneBbi KBasHSnajireSpL.! [25] HBJiHiOTca KJiaccoM npoToSnajireSp JIh, 
;i;BoecTBeHHbiM aKoSneBbiM KBaanSnajireSpaM (KBasHSnajireSpaM JIh b TepMH- 
HOJiorHH B.r.iIpHH(|)ejiL./],a [26]). 

Hjia ^^OKasaxejibCTBa TeopeMbi ;i;ocTaTOMHO npHMennTb pe;iyKii;Hio k ;iy5jiio 
BHTTenoBCKoe CTpyHHoe SnajireSpbi JIh c TpaHCJiaii;HOHHO— HHBapnaHTHoe cko- 
5Koe. 

HanoMHHM, MTO KoaKoSneBBi KBasHSnajireSpBi aBJiaiOTca HH(|)HHHTe3HMaJiL.- 
HMM oSteKTOM ^jia nyaccoHOBLix KBasnrpynn [25] (b to BpeMa KaK aKoSneBKi 
KBasHSHajireSpu — ;i;jia KBasHnyaccoHOBux rpynn JIh [26]). TaKHM o5pa- 
30M, ii;BH6axoBCKaa CTpynnaa KBasHSnajireSpa JIh peajiHsyeT na vm^vmwre- 
3HMajiL.HOM ypoBHe KBasHKJiaccHT^ecKyio BepcHK) HejiHHeeHoe reoMeTpH^^ecKoe 
ajireSpBi [27], mhcto KBaHTOBaa Bepcna KOTopopO ^o chx nop ne HSBecraa. 
CBasb Me>K/ty CTpyKTypoe KoaKoSnesoe KBasHSnajireSpbi h xaKHM oSteKTOM 
nejiHneenoe reoMexpH^iecKoe ajireSpbi KaK MyjibTnajireSpa CaSnnHna— Mnxe- 
eBa BuaBJiena b [25]. Cnen;H(|)HKa SecKone^noMepnoe CHTyan;HH npoanjiaeT- 
ca B TOM, T^TO, no-BH^HMOMy, yKasannbiM HH4>HHHTe3HMajibHbiM oSteKTaM ne 
cooTBeTCTByeT HHKaKaa rjioSaJibnaa KBasnrpynna. 

Ilepee^eM Tenepb ot KBasHKJiaccHKH k aBnoMy nocTpoennio (pacmnpenHoe) 
KBanTOBoe ajireSpu naSjiro^^aeMMx lAq{pXO\i\jGm) b ^lacTnux cjiy^aax (h ^^Jia 
npocTOTM 5e3 y^eTa toctob, T.e. b (|)okobckom ceKTope). PaccMOTpHM njioc- 
KHe KOMnaKTHBie 59KrpayH^, H30Mop(})Hbie (|)aKTopy enKJin^iOBa npocTpancTna 
no pemeTKe Kopnee noJiynpocToe aJireSpbi JIh q. B 9tom cjiy^ae pacmnpen- 
naa CTpynnaa nojienaa ajireSpa b npocTpancTne pacmnpennnix KajinSpono^- 
no-HnnapHanTnbix CTpynnbix nojiee Snrejia figf-gni (xo^nee, b ee (|)Okobckom 
ceKTope ^^sf eni F) ^BJiaeTca jiOKajibnoe Kon(|)opMnoe nojienoe ajireSpoe, no- 
jiy^ennoe nepenopMHpoBKoe noTo^^ei^noro npoHSBe^enna onepaTopntix nojiee 
[3,14,15] (cM.TaKHie [28]) h3 ajireSpbi Bepninnnbix onepaTopon, nocTpoen- 
nmx no 3Toe pemeTKe [29]. Cjie^onaTejibno, Jinneenoe npocTpancTBO ^^gf-eni F 
MO>KeT Slitb OTO>K;5ecTBJieno c npocTpancTBOM ZY(0+))[[t]] nojiySecKoneMnnix 
(|)opMajibnBix CTenennux pa;i;oB c K09(|)(|)Hn;HenTaMH b ynHnepcajibnoe oSepTbi- 
Baioniee aJireSpe noJioJKHTeJibnoe KOMnonenTBi aJireSpti Kan;a-My^H Ot- 
MBTHM, HTO ajireSpa BepniMnnbix onepaTopoB nopojK^aeTca cbohmh TOKaMH 
(nepBHT^nbiMH noJiaMH cnnna 1), KOMnonenTbi KOToptix oSpasyiOT aJireSpy 
Kan;a-My;^H noBTOMy pacmnpennaa CTpynnaa nojienaa ajireSpa aBJiacT- 
ca (|)aKTopajire5poe ynHnepcajibnoe o5epTLiBaK)n];ee ajireSpm U{q) ajireSpbi 
JIh g no ncKOTopoMy H^eajiu J . KaK cjic^ctbhc, BMTTcnoBCKaa CTpynnaa 
ajireSpa JIh ^roityGM.^ (chmboji F osna^aeT ({)OKOBCKHe ccKTop) aBJiacTca 
(|)aKTopajire5poe KOMMyTaTopnoe ajireSpbi W[. .](§) no H^^eajiy J7[.,.]- KnanTO- 
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Baa BepcHH BHTTenoBCKoe CTpyHHoe ajireSpBi JIh nojiyT^aeTca cjie^yiomHM 
o5pa30M: paccMOTpHM KBaHTOByio yHHBepcajiBHyio o5epTt.iBaioin;yK) Uq{Q), 
CHa5>KeHHyio g-KOMMyTaTopoM; b cHJiy cymecTBOBaHHH g-BepTeKCHoe kohct- 
pyKii,HH ^jiH 9Toe ajireSpBi, H^eaji MOJKeT 5l.itl. npo^e(|)opMHpoBaH H^e- 
ajia J7g ajireSpbi saMKHyToro OTHocHTejitHO g-KOMMyTaTopa; cooTHome- 

HHH Me>i<^y gjieMeHTaMH tlq{Q) / Jq, sa^aBaeMBie g-KOMMyTaTopoM, h hbjihiotch 
onpe/tejiHiomHMH b KBaHTOBoe BHTTenoBCKoe CTpyHHoe ajireSpe lAqip toxiy am. p) . 

OtMBTHM, MTO B ^laHHOM KJiaCCe npHMepOB, Ba>KHOM c tqt^kh speHHH CTpyH- 
Hoe TeopHH, peajiHsyiomee KBaHTOByro BepcHio KajiHSpoBOT^HBix cHMMeTpne 
CTpyHHbix nojiee, BosHHKaji oSteKT (pacniHpeHHafl CTpyHnaa nojieBaa ajireS- 
pa), KOTopbie (KaK h ero KBaHTOBaHHe) ecTecTBeHHo Sbijio 5l.i paccMaTpHBaTL. 
B paMKax 2-neTJieBoro {|)opMajiH3Ma b TeopHH CTpyn h HHTerpHpyeMbix cHCTeM 
[30]. KpoMe Toro, Sbijio 5l.i HHTepecHO bbmbhtl., KaKHM oSpaaoM npoHBJiaeT- 
ca Mo^yjiapnafl HKBapnaHTHOCTL. nepBHi^HOKBaHTOBaHHoe CTpyHBi b KBaHTOBo- 
rpynnoBOM (|)opMajiH3Me HenepTypSaTHBHoe CTpynnoe TeopHH nojia. 

HTaK, B jx&sRoe paSoTe Hccjie^OBanbi pasjiHMHbie KBaHTOBorpynnoBbie CTpyK- 
TypL.1 CTpyHHoe Teopnn nojia KaK na KBasHKJiaccHMecKOM, TaK h na KBaHTOBOM 
ypoBHe. C(|)opMyjiHpoBaHL.i oSmne yTBep>K^eHHH, pasoSpanbi npHMepti, npo- 
^leMOHCTpHpoBaHBi HOBbie acneKTBi Teopnn KBaHTOBbix rpynn (nanpHMep, cbh- 
3H c HejiHHeeHoe reoMeTpHMecKoe ajireSpoe — KBasHKJiaccHMecKHe BepcHH t.h. 
"KBaHTOBbix KBa3Hrpynn" h "KBaHTOBBix Jiyn" ) b KOHTeKCTe btophmhoto KBan- 
TOBaHHH CTpyHL.1 npH nepexo^e c ^peBecHoro ypoBHa k nocjie^oBaTejiBHOMy 
yi^eTy neTJieBBix 9(|)({)eKTOB b paMKax HenepTypSaTHBHoe CTpynnoe TeopHH 
no JIH. 
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